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Abstract

New generations of particle accelerators need accurate beam diagnostics. In order to measure the
longitudinal profile of electron bunches, a promising non-invasive technique has been developed,
using coherent Smith-Purcell radiation. Smith-Purcell radiation is emitted when a relativistic
electron passes over a periodic structure. This report presents a method to simulate this radiation
according to the van den Berg model, which describes the incident electron as a set of evanescent
plane waves. The work is restricted to emitted radiations that belong to the plane of incidence, but
there could be a theoretical extension to a more general description based on conical diffraction.
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Introduction

Background In 1953, Smith and Purcell discovered a radiation emitted by a relativistic charge upon
a metallic diffraction grating [1]. They discovered that the wavelength of this radiation is given by

d (1
/\:n<6—COSQ>

where n is an integer known as the order, 8 = “ is the relativistic parameter. 6 and d are defined on
Fig. 1. Several ideas have been developed to explain it since then. Two theories have been particularly
developed: the so called "induced currents model" and the "van den Berg’s model".
The first one uses the classical electrodynamic description of induced currents due to a passing charge
close to a perfectly conducting material: because of the non-plane surface, the current is accelerated and
thus radiates an electromagnetic field in the upper half-plane [2]. Each groove acts as an independent
source and interferes with the others.

The second model describes the charge by a set of
A 7 evanescent plane waves decaying exponentially in

the z direction. These waves are diffracted by the
z,4+ q. > - grating and give rise to the Smith-Purcell effect. The
0 - two models yield roughly to the same results, but the
. /R( calculations strongly differ. The interests of the van
Pad den Berg method, that justify this work, are to al-
PRe - low arbitrary groove profiles, eventually made from
PR ‘\9 X dielectric materials, with no approximations.
\f \f } When a group of electrons is considered, coherence
d effects appear, predicted identically by both mod-
els. For a bunch length shorter than the emitted
Figure 1: Smith-Purcell effect wavelength the radiation is strongly enhanced. For

d ~ 1 mm the wavelengths emitted belong to the far
infrared region (THz). Smith-Purcell effect could be used as a stable electromagnetic source, along
with other techniques (thermal emission, lasers) [3]. The ETALON project (Emittance Transverse
And LONgitudinal) at LAL uses this radiation to get to the longitudinal profile of incident electron
bunches [20], using Kramers-Kronig relations. This work deals with the opposite view: from a given
longitudinal bunch profile we want to model the Smith-Purcell radiation.

Aims of the internship G. Doucas wrote a code to simulate the Smith-Purcell effect in the frame-
work of the induced current theory. This code is called "GFW". Our objective was to initiate a new
code using the grating theory to predict the effect of the surface on the Smith-Purcell radiation without
the tedious calculations required by GFW. The steps of my work were then

1. Find a code to model diffraction gratings, check its correctness, understand its parameters;

2. In a simple case, adapt van den Berg’s theory, find a way to connect it with the diffraction
gratings theory, adapt the diffraction gratings code to the conditions of van den Berg; show that
the induced currents theory and the diffraction gratings theory are not compatible;

3. Compare the "van den Berg code" with GFW.

Most of my second step’s work is appended in order to ease the global readability.
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Diffraction gratings

1.1 Definitions

1.1.1 Founding principles

Grating equation Consider a periodic surface_> whose groove spacing is d, and an incident mono-

chromatic plane wave defined by its wave vector k' = zful

Z
I(’i /M

d

g' ™
0 k < h\
N \{ N > q

Figure 1.1: Scheme of classical diffraction grating Figure 1.2: Groove profiles
mounting

i 4

o 4

Assume the incident direction lies in a plane perpendicular to the grooves and that the outgoing light
is diffracted according to Fig. 1.1; the phase-matching condition implies the grating equation

sin@ifsiDHZp% (1.1)

where p is the diffigction order, p € Z. Other sets of angles {6;, 6} will produce destructive interferences.
— >
Note that k& = ‘k’

wave outside the (z,z) plane is called conical diffraction.

U because non-linear effects of the material are neglected. The case of an incident

Groove profile The profile I' of the grooves will mainly be a right-angle triangle characterized by
its blaze angle a. The interest of these echelette gratings is to concentrate most of the light in few
orders [4]. The high hp)aze of these gratings is set by a according to Apjaze = %d sin(2«). Sometimes the
groove will be taken sinusoidal of depth h, as shown in Fig. 1.2. In order to have comparable grooves,
we will always take h = hpjage-

Propagation condition When ¢ is fixed, [sinf] < 1 and Eq. 1.1 prove that there is a finite

number of propagative orders. Indeed, the diffracted wavevector can be written as k% = (27”)2 or as

k% = k2 + k2, which leads to k, = y/ (27”)2 — k2 with k, = 27”sin(9). Then, for sufficiently large values
of |pl|, k. is imaginary and the diffracted wave amplitude is proportional to a decaying exponential of
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the z variable. The non-propagative orders are evanescent waves. From now on, only the propagative
waves will be taken into account: to do so, the zone of interest will be restricted to the far-field region.

1.1.2 Diffraction efficiencies

Eq. (1.1) gives the directions taken by diffracted light but not the erﬁrgy repartition between these
directions. We introduce the incident and diffracted Pointing vectors II¢ and ﬁ The quantity

<T-7>

= —
<II*-u* >

2

p(A) = (1.2)

is called grating efficiency for the p-th order [6]. It depends on many parameters (see 1.2.1) but we’ll
mostly focus on the A dependence.

Sometimes one can make the scalar approximation to simplify the problem. However, E.G. Loewen [4]
proposed a rule of thumb for the validity of this approximation, % < 0.2, which cannot be applied in
the Smith-Purcell case, strongly linked with wave properties.

1.1.3 Polarizations

Dealing with the geometry of Fig. 1.1, the more

A7 natural way to set the polarization basis is to define
the Transverse Magnetic polarization ("TM", when
_ the magnetic field is normal to the (z,z) plane) and
ER the Transverse Electric polarization ("TE"). As an
example, on Fig. 1.3, the red incident wave is TE
polarized, and the blue one is TM polarized. If the
fi _ = incident plane is perpendicular to the grooves, an in-
ki E, teresting property is that polarizations are preserved

by the grating [4]. Consider the simple case of the

E, )é specular reflection on a perfectly conducting plane as

/// ////// shown on Fig. 1.3. Suppose the diffracted field isn’t
polarized in either case, outgoing electric (respect-

ively magnetic) field of the red (blue) wave can be
decomposed in the {Fj, ﬁg} basis ({Ei, Eﬁ}) Since
there is no electromagnetic field inside a perfectly conducting material, and given that the boundary

ol
-

—-

Figure 1.3: Plane preserves polarizations

conditions, we find that a plane conductor preserves polarizations (E; = ﬁ and ]?i = 6>) One can
adapt the specular reflection case to diffraction gratings: split the grating in slices of width dz with
dz < 1, each slices being locally plane. Since changing orders only modifies diffracted directions, the
argument above still applies.

1.1.4 Mountings

There are two main configurations to make use of the grating, called mountings.

Constant incident angle (I.A.) The first option is to keep #° constant and to scan the ligth
intensity by varying the position of a detector that measures the output (e.g. in the 6 direction).

Constant angular deviation (A.D.) The second choice is to keep the angular deviation con_s)tant.

With notations of Fig. 1.1, angular deviation can be defined as the smallest angle between —k* and
?. A way to carry out this mounting is to fix the angle between the source direction and the detector
direction. Rotating the grating will then allow the scan. A special case is obtained when A.D. = 0.
This configuration, called Littrow mounting, or autocollimation, is of particular interest because it gives
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the larger efficiencies [4]. Some details are given in appendix A; in particular Eq. (A.3) is derived,
which is useful in 1.2.3.

1.2

1.2.1

Simulations

RCWA

To model diffraction gratings, I used a code called "MRCWA" written by H. Rathgen [9] and based
on the Rigorous Coupled Wave Analysis [10, 11].

Input parameters For definitions, see 1.1.

Physical parameters

1.

N

w

A A o

Groove profile I, completely defined by {d, a} for blazed gratings and by {d, h} for holographic
gratings;

Incident angle #°, which means the mounting of MRCWA is a constant incident angle configura-
tion;

Polarization of incident wave (TM or TE); according to 1.1 one can reconstruct every cases with
these only two fundamental components;

Detector angle 6; it’s linked with A through Eq. (1.1);

. Order p of the diffracted wave;

Material indices, nuiy = 1 above the grating, nmaterial(A) = A(A) + iB(A) inside the grating, see
2.3.3 for a discussion, but note yet that there are two main dependences, from the nature of the
material (silver, gold, multi-layered dielectric...), and the model of refractive indices.

Computational parameters

1.

i

The number of slices Ny constituting the grating tooth, examples are shown on Fig. 1.4 and

Fig. 1.5 ;

d X
X

| A

d X d

Figure 1.4: Ngjces = 10, o = 30°, h = %dsin(?a) Figure 1.5: Ngjces = 50, a = 30°, h = %dsin(?a)

2. The number of orders N, considered in the calculation.
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Sufficient parameters It is useless to vary both d and A since it was shown [4] that their impact
on the efficiencies is identical. Then one can introduce the dimensionless parameter %.
Sufficient input settings are then: {a, 67, g, incident polarization, p, nmaterial, Ns, No}-
We'll use as default settings: {a = 30°, 6" = 45°, 0.1 < % < 2, TM/TE, p = 1, ngjver(Driide £ = 43),
Ny =50, N, = 50}. An unspecified parameter is from now defined by its default value.

Output MRCWA returns the grating efficiency

0.9 ‘ ‘ ‘ ‘ ‘ (see Eq. (1.2)). A typical plot is shown on Fig. 1.6.
0.8 =™ Unpolarized | Note that the cutoff wavelengths were already known
0.7k— TM 1 thanks to the propagation condition (1.1.1) and Eq.
. 06— TE ] (1.1). For instance the upper cutoff wavelenght is
£ 0.5¢ 1 theorically 2%& ~ 1.7.
% 0.4} ,
8;’ 1.2.2 Convergence study
0.1k 1 Number of slices When the number of slices Ny
is sufficiently large, the quality of the output in-

0. .
0704 06 08 10 12 14 16 18

\d creases but the calculation time does too. This time

roughly grows linearly as N, increases. Giving the
default input parameters to MRCWA, but varying
Ng, we obtain Fig. 1.7. Without defining a more
precise norm to quantify the convergence, we’ll ad-
mit for now on that N, = 100 is a sufficient division of the tooth.

Figure 1.6: MRCWA’s output with default val-
ues

Number of orders The default value is N, = 50.

0.7 — ‘ ‘ ‘ ‘ ‘ ‘ J.J. Hench has shown [11] that with such N, the
0.6l [, N s | absolute approximation error is less than 10~% (the
' ] BRION reference is a calculation with N, = 100).
0.5} : e S

?j 0.4¢ oo N 1 1.2.3 Physical checks

=03 \ | i i

= --- Ny=50 Before any attempt to use MRCWA in a Smith-
0.2 — Ny=100 | 1 Purcell context, I wanted to check its correctness
0.1} — Ny=500 | 1 as well as my understanding of diffraction gratings.
0.0 I used some manufacturers’ experiments to com-

04 06 08 10 12 14 16 18 pare with MRCWA’s data. I also took advantage of
A/d : L .
three physical criteria, energy conservation, so called

; ) b . . .
Figure 1.7: Convergence of the number of slices Rayleigh anomalies, and the reciprocity theorem

taken into account by MRCWA . . ) ) )
Littrow mounting Diffraction gratings have nu-

merous applications (spectroscopy, compression of a laser’s pulse, X-ray crystallography...), their per-
formance when one of the input parameters is changed has been widely studied [4, 5, 6]. Moreover
gratings are commercialized for a long time. Thorlabs for instance provides measured efficiency curves
for each type of grating they sell [23]. Such data is shown on Fig. 1.8 with the following set of input
parameters: {a = 26.5°, d = 0.83 pm, Littrow mounting, 0.2 pm < A < 1.66 pm, p = 1, nai}.
MRCWA shows good comparison. According to the definition of the Littrow mounting 1.1.4 and to
Eq. (A.3), T set MRCWA input parameters such as: {a = 26.5°, d = 0.83 ym, #° = arcsin (%),
0.2 pm < A < 1.65 pm, naj(Raki¢ 1998)}. As an exception, the data is plotted as a function of A and
not of \/d, in order to keep the original curves from Thorlabs. The grating period is then reintroduce;
its value d = 0.83 um isn’t randomly chosen: indeed it’s equivalent to an integer groove frequency of
1200 gr/mm. This time, the upper cutoff wavelength is given by Eq. (A.2), i.e. Apax = 2d ~ 1.66.
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Wood’s anomalies Some strange performances,

1.0 S
\ called Wood’s anomalies |7|, can be observed when
Z 0.8) G —  TM MRCWAM an order appears or disappears. Evanescent waves
% i II + + TM Thorlabs becom.ir.lg propagative (or th.e contrary) because'of
= i i —  TEMRCWA ] the critical c/\hange of a grating parameter (for. in-
g t N 1 stance 0° or 7). If one plots the map of the efficien-
N 0.4} N N © TE Thorlabs | . ) , N _
= ' cies as a function of #* and %, some corresponding
g 0.2 f lines should be seen. This lines are given by the
= ;%f fr propagation condition (cf. 1.1.1) and are plotted on
0.0 A ‘ ‘ ‘ ‘ Fig. 1.10 with m € [1,4]. In order to keep the in-
04 06 08 10 12 14 16 formation about the polarization, I chose to plot the
A L] degree of polarization (D.O.P.) defined as
Figure 1.8: Comparison between MRCWA sim- poOp — MME ~Itm (1.3)
NTE + 71T™M

ulations and experimental measures

For example, when there is only TE polarization,

DOP =1 and a blue color is shown. Black color stands for unpolarized light. It’s important to keep
in mind that this map only deals with the performance of the first order, although the anomalies are

due to orders for which p # 1.

90
80
70
60
=0 50

™

0
0.5 1.0 1.5 2.0

A/d

Figure 1.9: Map of the DOP with default parameters

Reciprocity theorem Theory [8] predicts that efficiencies remain the same when angles of incidence

and diffraction are exchanged. Other parameters being set, if light comes under an incidence of 6%, the

diffracted angle is 61 = arcsin (sin#} — \/d). Now set as input parameter {§° = —6;}: the efficiency is

supposed to remain constant. This result is called the reciprocity theorem. On Fig. 1.9 one should see

a vertical symmetry (keep constant \/d) along the line defined by the coordinates (\/d, arcsin (%))
1

The symmetry is easier to note in the plane (\/d, sinf’) where it’s marked by a line of slope 5, see
Fig. 1.10.

Energy conservation As a first approximation, one could neglect losses due to the material (which
could be supposed perfectly reflective). Therefore, energy conservation states that the incident energy
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1.0

0.8

0.6

sind!

0.4

0.2

Figure 1.10: Map of the DOP highlighting the reciprocity theorem and Wood’s anomalies

is totally divided between diffracted orders. With default values (Fig. 1.6), apart from setting {\/d =
1, TM}, one can show with the grating equation that the only diffracted orders are the specular order
(p =0) and the first order. Yet with MRCWA the corresponding sum of the efficiencies only comes to
Zp np ~ 0.88. This property won’t be fulfilled without considering transmitted orders. Such a study
is beyond the scope of my objectives.

1.2.4 Grating defaults

The manufacture of gratings isn’t perfect. Figs. 1.11, 1.12 show examples of gratings produced at LAL,
for typical periods of d ~ 1 mm. The precision of manufacturers is here around 100 pum, sometimes
10 pm. One can see that for the gratings presented, anomalies aren’t negligible, and would likely
modify the grating efficiencies. Since these defaults are regular, one could predict their impact on the
efficiencies when coding the tooth’s profile on MRCWA (cf. 1.2.1).

The gratings that I'll consider in the following sections has a period d ~ 8 mm; thanks to the precision
of manufacturers, I'll suppose as a first approximation that the consequences of anomalies are only
minor corrections, and won’t study them. However, we’ll see in 3.3 that the flexibility of MRCWA
could be useful with the Smith-Purcell radiation emitted by very short electron bunches.

Figure 1.11: Wire eroded aluminium tooth, Figure 1.12: Milled aluminium tooth, e = 0.4 mm
e =0.3 mm

TE

™™
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Single electron case: Smith-Purcell radiation

Before considering the real case of an electron bunch, we need to investigate first the nature of the
radiation emitted by a single electron passing over a periodic structure. We want to know if one model
of the Smith-Purcell radiation is compatible with the previous study of gratings.

2.1 Van den Berg’s model

In this approach, Smith-Purcell radiation is caused by the diffraction of evanescent waves on the
grating. I adapted (appendix B) the equations from van den Berg and Haeberlé [12, 17, 18] when
the detector belongs to the incident plane. The relativistic electron can be described with a set of
evanescent plane waves (cf. B.1). If zg ~ A¢ (cf. Fig. 1 and Eq. (B.19)), the material can perturb
the evanescent field and give rise to propagative waves. In the Smith-Purcell case, the incoming waves
are diffracted by a grating, but this approach is of general validity and also explains for instance the
Cherenkov effect [13] (refraction of incoming evanescent waves).

2.1.1 Spectrum

According to the far-field approximation, the diffracted evanescent waves are not taken into account
in the calculation of the Smith-Purcell radiation. For such orders, it is possible to define a diffraction
angle 6, (see Fig. 1, 0,, = 0), 0,, € [0, 7], such as

(2.1)

oy, = kocosb,
0,, = kgsin 6,

Using Egs. (B.11), (2.1), introducing 8 = 2, it follows

A= —in <; — Cos 9n> (2.2)

The integer n € Z in Eq. (2.2) is called order of the Smith-Purcell radiation, and is analogous to p in
classical diffraction (Eq. (1.1)). In B.3, I show that using recent experiments at CLIO [20] as reference
data, A ~ 1 mm, d ~ 8 mm, E ~ 50 Mev, orders of magnitude for n are: —16 < n < —1.

2.1.2 Radiated energy

Assume the geometry of Fig. 1, from B.5, the energy per angle radiated in the 6 direction due to one
electron can be written as

ow,
00

2,2 -2
qn sin“6 9
= 3|Rn|

!  Smeod <1 — cos 9)
B

’ 2

exp(—22) (2.3)

Note that |R,|? is in principle different from |R/,|* calculated in the framework of induced currents
model (cf. 2.4 for comparison). An other significant change is the sin?6 factor: it will smooth the
curve.
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2.2 Induced currents model

According to the induced currents model [14, 15|, the incoming charge induces a current on the grat-
ing [2]. Each groove radiates the same field: Smith-Purcell radiation is caused by interferences between
those sources (same result as Eq. (2.2)). h being defined on Fig. 1.2, the angular distribution of energy
for the n-th order is given by [21]

ow), *n? 1 9 20+ h
90 |, 2e0d /1 7|l e <_ A ) 24
! <B — cos 0)

2
; 8 being defined from the Fourier transform of the induced current

: 2
with |R)|” =

@ x (@ % @)
vector. In comparison with Eq (2.3), the important result is that |R/|* depends on the electron
energy [15]. Therefore, we can’t use the grating code MRCWA to generalise the induced currents
model. However, I take advantage here of this model to draw an analogy between the order n of the
Smith-Purcell radiation, and the diffraction order p. Indeed both integers quantify a new mode of
constructive interferences; from now on I'll consider that n = p.

To simulate |R;L]2, I used "GFW", a code written by G. Doucas [15]. The sufficient input parameters
are: {Qplaze, g, &, v, n}. 7 is the Lorentz term, in which the energy dependence is included. ¢ is the
angle between the emitted wave and the plane of incidence. In this report, we’ve supposed that ¢ = 0.

2.3 Using MRCWA in a Smith-Purcell context

We show in B.4 that the ]Rn\z factor of the van den Berg’s model is nothing more than the grating
efficiency 7,, which is known thanks to MRCWA. The evanescent nature of incident waves won’t
invalidate the analogy, which was an initial concern. A question remains: how input parameters {a,
0;, %, incident polarization, p, Tmaterial, Vs, No} should be adapted? Some are easy to transpose {c,
%, Ng, N,}, but the others deserve discussions.

2.3.1 Order

According to 2.2, one can consider that n = p is shown. Then, the arguments that led us to restrict
the diffraction study to p = 1 still apply. The higher the order is, the smaller the range of emitted
wavelengths is (c¢f. B.3 for a proof). Moreover, the intensity diffracted tends to decrease for high
orders. Then, we will focus on the first order, for which n = —1.

2.3.2 Grazing incidence

A major difficulty of a "van den Berg code" based on a "classical diffraction code" is that incident
waves are not propagative in the case of Smith-Purcell radiation. With notations of Fig. 1.1, the
angle of incidence would be §? = 90 degrees, since the waves are propagative in the z direction and
are evanescent in the z direction. Such an angle can’t be rigorously entered in MRCWA. However,
the Smith-Purcell relation and the grating equation are very similar when considering high energetic
electrons for which 1/8 ~ 1. In such case, with sinf® ~ 1

1
\ —(1 = cosf,), Smith — Purcell radiation

n
2 (2.5)
d —(1 —sinfy), grating equation,

p

Moreover, cosfl, = sinfl, because conventions are different in each case: for Smith-Purcell radiation
(Fig. 1), 8, € [0, 7], and for the grating equation (Fig. 1.1), 6, € [—7/2,7/2]. We also know that n = p.
Therefore, this unrigorous argument is in agreement with the previous physical idea. In the following
work, T'll enter §* = 89.9° in MRCWA, and will name this assumption the "optical hypothesis".
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2.3.3 Refractive indices

The material used at CLIO 1is alu-

1.0 ‘ minium [20], but we’ll use silver as refer-
— TME¢=1 ence material. The differences between
--- TE¢=1 these two metals are negligible at our
--- TME=50 wavelengths range. We have already ex-
0.8} --- TE¢& =50 plained in 1.2.1 that the relevant vari-
— TM ¢ =100 able to describe gratings was \/d. How-
— TE{=100 ever, there remains an implicit depend-
0 + o+ TM & =150 ence in A\ through the performance of the

[+ + TE&=150
....... TM Johnson
------- TE Johnson

material. This dependence is included in
the refractive indices ngjyer(A) = A(N)+
iB()), A and B ruling respectively dis-
persion and absorption.

The evolution of ngjyer(A) isn’t obvious
at all, although the reflectance defined

Nsilver — 1 ‘

0.4}

Normalized efficiency

by the Fresnel equation R =

Ngilver +1
(in normal incidence for unpolarized
light) approximately equals one for A >

500 nm [4]. We are interested now in the
0.0 e ‘ - far infrared region. Unfortunately, most

05 L0 Lo 20" of the studies of diffraction gratings deal
with incoming wavelengths around the
micrometer; at this order of magnitude
of wavelength, many works have been
done to list the evolution of the material refractive indices (e.g. Johnson [19], 0.188 pm < A <
1.937 pum). But none of these studies tackle the millimetre range, which is the most important for the
Smith-Purcell effect in our case. Therefore, we have to model it.

0.2

Figure 2.1: Extension to far infrared region

Driide model In a non-magnetic, homogeneous, linear, isotropic metal, consider that the movement
of the electrons is ruled by a damped harmonic oscillation (Lorentz model) where the damping factor is
1/7, T being the time constant between two collisions "electron/atom". Consider now a free electrons
gas for which the resonance frequency equals zero (Driide model). Add an other hypothesis: A > 2wer.
Then one can obtain [3|

Nmetal = (1 4+ 9)E1VA (2.6)

o
where & = 1 and o is the metal conductivity.
\/ 47eoc

In the case of silver [22]: 7 ~ 2.3 x 1071% s, 0 ~ 63 x 10° Sm~!, & ~ 4.3 x 10* m~1/2,

Thus Eq. (2.6) is valid if A > 400 pum. The Driide model can be used in good approximation for
A > 1 mm, and one can see on Fig. 2.1 that the Johnson lines are not far from the Driide curves.
Then I'll use the Driide model for 0.1 mm < A < 20 mm.

I define ¢ as &1 x 1073, On Fig. (2.1) I've plotted the output of MRCWA in grazing incidence, when the
law of ngjver follows Eq. (2.6), for £ € {1,50,100, 150}, and when it’s defined by Johnson’s measures.
The efficiencies are normalized upon £ = 150. There is no huge differences between ¢ = 50 and £ = 100,
but for £ > 100 the output begins to be more and more perturbed by noise. From now on we’ll enter
in MRCWA: ngjlver = (1 +4)vV/\ x 4.3 x 104

2.3.4 Polarization

Thanks to the work done in B.1, we know that Smith-Purcell radiation is TM polarized in the plane
of incidence. From now on the corresponding input parameter will always be TM.

10
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2.4 Comparison of grating factors R?

Now that MRCWA input parameters have been modified to fit with a Smith-Purcell context, we are
able to compare |R/,|* from the induced currents model and |R,|* from the van den Berg’s model. As
a reminder:

oW,

i (2.7)

2 .
{a ‘RH , induced currents

1 B|Ry|?sin 6, van den Berg

From Eqs. (2.4) and (2.3) one can be convinced of o ~ . Their differences won’t be studied, I will
consider that these two terms are equal. To simulate |R.,|*, I used GFW (cf. 2.2) with the following
input parameters: {@plaze, 0.1 < % <2,¢=0,v=100,n = —1}.

1.0
\ PSRN
-~ \\
0.8} '
= =
< < ‘
[} &) L u
= = 0.6 '
i) z
E Z 04}
g = !
= S — GFW
0.2¢ , — R? x sin®
lr\h - - R2
r/
00 I I I
0.5 1.0 1.5 2.0
\/d

Figure 2.3: Radiation factors, aplaze = 30°

1.0 1.0 —
— GFW — GFW o
08l — Rz X sin? i Rz X sin? ’IA B
& - R & - R '
£ 0.6f \\ g 06f !
() \ )
o] S o]
= 04t = 04}
g g
S S
z. z.
0.2} ! 0.2} !
|
0.0lach s ‘ ‘ 0.0 LA ‘ ‘
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
A/d Ad
Figure 2.4: Radiation factors, apjaze = 45° Figure 2.5: Radiation factors, apjaze = 60°

Figs. 2.2, 2.3, 2.4, 2.5 show a comparison between |R.|*> (called GFW), |Rp|? (called R?) and
\RnIQSiIFH (called R? x sin?), for apraze € {15,30,45,60}, others parameters being set as explained
in 2.3.

The conversion from the diffracted angle 6 and \/d is given by Eq. (2.2). Each curve is normalized

11
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independently from the others.

Note that the smaller apaze is, the more oscillations GFW outputs. This performance has no physical
explanations, and could be explained by a wrong treatment of the Fourier transforms in GFW. Apart
from this point, the codes have similar results; the particular case of apla,e = 45°, which give very
different results, isn’t understood yet. Therefore, at this stage, it is uncertain to say for good which
code better models the Smith-Purcell radiation. In this regard, planned experiments at CLIO will soon
return a verdict.

Besides, an important point is that GFW also predicts an extinction of the TE component of po-
larization: the corresponding black curves of previous figures are relative to TM polarization, just
like the ones given by MRCWA, in blue. However, in practice, a TE’s extinction has never been
completely observed in the experimental "plane of incidence". Indeed, the detectors used to measure
Smith-Purcell radiation at CLIO are characterized by a non-zero angular aperture. In order to fit with
the experimental mounting, the theoretical data must be obtained after a step of integration over ¢,
e.g. ¢ = £5 degrees. Moving detectors away from the grating would of course solve the problem,
but it would also cause a decrease of the signal’s intensity, and by the way the experimental facilities
available don’t have this possibility. Thus, detectors with a small angular aperture are going to be
used at CLIO soon, with for example ¢ = 41 degrees. In fact, the van den Berg calculations could also
be done for ¢ # 0, yet more tedious in such case; the underlying theory is called conical diffraction.

2.5 Single electron yield

Using Eq. (2.3), we can now plot (Fig. 2.6) the energy per angle radiated by one electron through the
Smith-Purcell effect (the exponential term is neglected). The conversion \/d — 0 is given by Eq. (2.2).

180°

Figure 2.6: Normalized single electron radiation
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3

Electron bunch case: coherent Smith-Purcell radiation

Now we consider a bunch of N, electrons passing over the grating. If the electrons are taken independent
(no group behaviour), the charge density can be factorized as [15]

p(t =z /vo,y,2) = qT'(t)K(y, 2) (3.1)

where K (y, z) denotes the transverse distribution of the bunch, and 7" is the longitudinal bunch profile.
K doesn’t interest us and we won’t try to calculate it (see [21] for details).

3.1 Longitudinal profile of electron bunch

In order to simulate the Smith-Purcell radiation, we need to set a longitudinal profile. We choose
to model T as an asymmetric Gaussian, with parameters FWHM € {2.5,5,7.5} ps, ¢ = 0.5 (see
appendix C for definitions). Call T'(A) the Fourier transform of T'; they are plotted on Figs. 3.1, 3.2.

1.0 ‘ ‘ 1.0
— FWHM = 2.5 ps
[} [}
< 0.8f — FWHM =5 ps < 0.8¢
= — FWHM = 75ps =
= 0.6} = 0.6}
< <
= =
S04} S 04f 1
TEG g — FWHM = 2.5 ps
3 0.2} 5 0.2} — FWHM =5 ps
— FWHM =7 ps
0.0 ‘ ‘ ‘ 0.0 ‘ ‘ ‘ ‘
0 5 10 15 20 25 0 5 10 15 20 25 30
t [ps] A/d
Figure 3.1: Longitudinal profile T' Figure 3.2: Fourier transform amplitude of T
3.2 Coherence effects
According to [15], the yield for N, electrons is:
oW, oW, ~ 2
= NoK: + N2K [T()) 3.2
86 N, ae L efr1 e 22 ( ) ( )

Ky, Ko two constants which depend on the transverse profile; the key point is that K, Ko are
independent from A. We'll admit that Nng > N.K; for N, > 1. Then, if X is sufficiently high
(call Apin the critical value), the second term in Eq. (3.2) prevails over the first one. Because of the
properties of the Fourier transform, one can obtain that Av x FWHM ~ 1 which can be rewritten
as Amin ~ ¢ X FWHM. If lyynen denotes the electron bunch length, we see that coherent radiation is
emitted for A > lhynen. Such radiation is strongly enhanced compared to the term N K7, therefore it’s
easier to measure. But more importantly Kramers-Kronig relations can permit a derivation of T" from

‘T()\))Q.
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3.3 Coherent Smith-Purcell radiation spectrum

According to what has just been said, the energy per angle radiated by an electron bunch in the 6
direction is simply proportional to the product between the single electron yield given in 2.5 and the
Fourier transform amplitude of T plotted on Fig. 3.2:

oW,
00

ow,

X ’T()\) (3.3)

0.8
N, a 9

This work is presented on Fig. 3.3.

— FWHM=25ps
— FWHM = 5ps. \
— FWHM =75ps ~

180°
o0

1.0

Figure 3.3: Normalized angular distribution of coherent Smith-Purcell radiation

One can observe that the smaller the bunch is, the more the distribution is shifted towards small
wavelengths (small angles). If FWHM becomes lower than 1 ps, it’s reasonable to change the grating
period d, to counterbalance this shift. At the FACET User Facility at SLAC during the E-203 experi-
ment [16], for bunches of 1 ps long, the smallest period of the gratings was d = 50 pm. At this range
of periods, defaults are more easily present 1.2.4. For such bunches, the flexibility of the van den Berg
code would be a useful advantage over GFW’s method.
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Conclusion

During my internship, I've set up a code to simulate Smith-Purcell radiation while using the computing
power of diffraction gratings’ simulations. This idea can’t be applied to the induced currents theory, but
fits naturally with the model developed by P. M. van den Berg. At the same time, it was necessary to
understand, adapt and reference arguments justifying this approach. I restricted my work to the simple
case of normal incidence, and for emitted radiations that belong to the incidence plane. A limitation of
this code is that the grating is considered of infinite width; the consequences of such hypothesis have
not been studied.

This work allows an extension to dielectrics and to arbitrary profiles. This is useful when one wants
to predict the changes due to the grating’s defaults. It could also open the way to a systematic study
in optimizing grating parameters, in order to know for instance which blaze angle produces the best
yield of Smith-Purcell radiation at a specific wavelength. An other useful work would be to predict
absolute intensities that detectors should measure; this report only presented normalized repartitions
of energy. With notations of Eqs. (2.7), it involves to take into account « and .

An extension to the pre-wave zone is possible, yet far beyond this work.

But the essential upgrade needed right now would be to take into account emitted radiations out of
the plane of incidence. Such improvement would make the van den Berg code as operational as GFW.
Fortunately, the grating problem on which the calculations would be based is also resolved. Indeed, the
RCWA method remains available for conical diffraction. Although MRCWA of H. Rathgen would be
insufficient, a free software originally written by B. Dhoedt and named "RODIS" |24, 25] implements
such tasks. Coming experiments at CLIO are expected to confirm or disprove the van den Berg code’s
results.

Thanks

I would like to warmly thank Nicolas Delerue, my supervisor during this internship, and Stéphane
Jenzer, engineer for the ETALON project. There help has been decisive during the daily work, and
during the preparation of this report. I also would like to thank the other students of the group for
their advices and good company: Anne-Fleur, Geoffrey and Yu.
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A

About Littrow mounting

In constant A.D. configuration, rotating the grating allows the scan according to Eq. (1.1) rewritten
as
. A.D. A.D. DA
in (6 ——— — ) === Al
sin < 5 > cos ( 5 ) 50’ (A.1)

where 0% now represents the rotation angle of the grating.
Note that in Littrow mounting for which A.D. =0, Eq. (A.1) becomes much simpler:

i DA
[ .
sin 50’ (A.2)

In the constant A.D. case, setting A amounts to set 6%, which is not true for the constant I.A. case. All
other parameters being fixed, it implies that 1,q (the efficiency with constant A.D.) is only a function
of A\ while its equivalent n;, is a function of A and #°. This will be of practical interest in 1.2.3, when
we will use a constant I.A. code (MRCWA) to extract constant A.D. curves. Indeed, in the special
case of a Littrow mounting, if one knows 7, (A, 6°), one can derive 7,q (A) with the following formula

Nad (A) = Tia <A7 arcsin (22)) (A.3)

B

Calculations around van den Berg model

B.1 Incident field

Suppose_t)he geometry of Fig. 1.1 and let an electron pass through the periodic structure with a velocity
= vpiy at z = 2o [17]. The electron can be represented by a set of Fourier integrals

— 1 =

E'(z,z,t) = /dwEl(x,z,w), (B.1)
2T 1

— 1 =

H'(z,z,t) = /deZ(;U,z,w). (B.2)
2T 1

Only positive frequencies have a physical meaning: I = Ry. A similar expression can be writ‘ﬁn for
the electric-current density. If ¢ is the electron charge then 7(:1:, z,t) = quod(x — vot, z — 20) i, and

%
7(3:, z,w) = quod(z — 20) exp(icgz )iz where ap = ;= The Fourier transforms of the fields satisfy the

Maxwell equations
— - =
? x H" +iwE" = 7

= =
?xEl—in’:H>
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Expanding Eq. (B.3) in Cartesian coordinates yields to uncoupled systems

( -~
OH. OH: OE. OFE! ~
Ei =0 T T2 ougHi =0

9z 0w W 9:  ox MO

OFE! —~ OH? —~ —
5 Y iwpoHL =0 (B.4) - Y1 iwegEl = J, (B.5)

z z

OEi OH —

axy iwpgHE = 0 awy + iwegEi = 0

ruling the two states of polarization. From (B.4) comes

AE;y' — (w 60#0) =0. (B.6)

The electron is coming from z — oo, there is no "original" source for EZ Thus, the only solution
of Eq. (B.6) is zero: in the plane of incidence, the incident field is TM polarized.
The solution of (B.5) is

Hj = _gsgn(z — 20) exp (iaoz + 70 |2 — 20]) (B.7)

where 79 = iv/aj — k3, ko = £ and sgn names the sign function [12]. /Evjﬂ and Ez can be directly
calculated from H}. An important conclusion is that o is imaginary (@} > k3 follows from vy < c).
Thus, the van den Berg model describes the incoming waves diffracted by the grating as a set of
evanescent plane waves. We introduce A = 2 |yo| (see 2.1 for discussion).

B.2 Diffracted field

A similar approach gives the equations satisfied by {ﬁ , 17 }
/;}/- —~
. s Wx(EZ—I—I?):ﬁonF
?xf?—kinj:ﬁ) (B.8) S (B.9)
. — — .
?Xﬁ—iwﬁ:ﬁ n-(H’—I—H)-OonF

| radiation condition

where 7 is unitary and locally tangent to the grating surface denoted I'. Eqs. (B.8) rule the propaga-
tion of the diffracted waves when Eqgs. (B.9) represent the boundary conditions for a perfectly con-
ducting surface denoted I'. The radiation condition means that the propagating waves are bounded
when z — oo. In the same way as the incident vectorial problem was restricted to two scalar problems
(corresponding to the two independent states of polarization), we only study the performance of the y
component of the Fourier transform of the fields. At this stage, no additional hypotheses are necessary
to mathematically define the problem. But the periodicity of the grating in the x direction simplifies
the diffracted field according to Curie’s principle; one can write the Fourier series expansion

(x,z,w) Z (z,w) exp(iayT) (B.10)
where 5
an, :ao—l—%n. (B.11)
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The same work could be done with /EV'L(x, z,w), but we already know that E\;(x, z,w) = 0 thanks to
1.1.3. Inserting Eq. (B.10) in Egs. (B.8) gives the Rayleigh expansions [17|

(x,z,w) Z w) exp(ionx + iYp2) (B.12)

with v, = \/kg — 2. From a physical point of view, the waves propagate towards the positive z
direction: R(v,) > 0. Moreover, the radiation condition implies J(v,) > 0. H) ,(w) and Ej ,(w) are
called Rayleigh coefficients.

B.3 Smith-Purcell propagation condition

Expanding the condition R(7,) > 0 we find that the propagative orders must satisfy

,  2d d \?
X +>\5X+<)\B> <0 (B.13)

Suppose there are two solutions {X7, Xo} with X; < X5. Then
n e [[X1],[Xz2]] (B.14)

The condition (B.13) isn’t verified for X=0, and X,,;, < 0, therefore X3 < 0. From a physical point of
view, A in Eq. (2.2) is positive and cannot diverge, which also involves n < 0. Using recent experiments
at CLIO [20] as reference data, A ~ 1 mm, d ~ 8 mm, E ~ 50 Mev (E = ymc? involves v ~ 100,
1— B8 ~5x107?), orders of magnitude for n are: —16 < n < —1. With Eq. (2.2) and |cos | < 1, one
can derive the bounds for the emitted wavelength in the n-th order:

|:L| (1 - 1) <r< |i| <1 + 1) (B.15)

The higher |n| is, the smaller the corresponding diffracted wavelength range is. A study of diffraction
for echelette gratings also shows that the intensity of high orders is smaller. These two arguments
justify why we only consider the first order n = —1 in this report.

B.4 Grating problem

The grating problem consists in finding the values of the Rayleigh coefficients introduced with Eqs.
(B.7), (B.12). One can define a "modal" efficiency

— 2
Hy (W)

|Rn|2 = |7

(B.16)

With the properties of the Fourier transform, this definition is consistent with classical diffraction
efficiencies 7, of Eq. (1.2): |Rn|2 = 7. An important implication is that we can apply the grating
property (preservation of polarization) to Smith-Purcell radiation. the incident field is TM polarized,
therefore the Smith-Purcell radiation is also TM polarized (cf. 1.1.3). R, is the ratio of the temporal
mean value of incident and diffracted Pointing vectors. The interests of such R,, are: compatibility
with grating definition of efficiencies, independence with charge value and energy.
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B.5 Radiated energy
The energy per angle radiated in the 6 direction for one electron can be written as [12, 21|

aWn
00

2,2 in26

S L S RS (B.17)
2mepd

1 0 (%—cose)

. = = q>
Eq. (B.7) gives <II' - v* >= T exp(—2 |70 20), then we find

0 Wn

2.2 2
q°n sin“6 z
i 5 | Ra)? exp(—22) (B.18)

1 - 8megd (1 o 9) Ae
B

2
where Ae = 2 |yp| has the dimension of length. From o = iy/ad — k2 it comes |y| = L)\C where 7 is
VoAY

the Lorentz factor. Introducing Eq. (2.2) one can rewrite A\, as

2mnce

1
voyd <ﬂ — cos 6?>

Ae = (B.19)

C

Asymmetric Gaussian parameters

We’ve chosen to model the longitudinal bunch pro-
file as an asymmetric Gaussian. Note FWHM the

1.0
. full width at half maximum, and define a standard
:% 0.8} deviation o = %ﬁﬂe), where € is an asyminetric
@ 6 factor. If t. is the time for which the electron distri-
5 007 FWHM | bution is maximum (on Fig. C.1, t. &~ 5 ps), then
Féji 04l the longitudinal profile is:
=
= t—t.)?
2 0.2 exp(—(28>, if t <t.

0.0 T = (t + )2 (1)

) 2 4 6 8 10 eXp(—TC, if t >t

Figure C.1: Longitudinal profile T’
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